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Abstract. In a recent paper, Rathie and Pogany established thirty two novel and general reduc-
tions of two and three variables generalized hypergeometric functions. In this paper we provide
twenty four further novel and general reduction formulas. The results are established by the
application of Beta and Gamma integral methods to the three identities involving products of
generalized hypergeometric functions obtained earlier by Kim and Rathie. As special cases, we
mention some interesting results.
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1 Main Reduction Formulas
The results to be proved in this paper are given in the following three theorems.
Theorem 1 : For m,n ∈ N0, ℜ(e) > ℜ(d) > 0 and α, β ∈ C, the following results hold
true.
F
1: 1;1
1: 1;1
[
d : α ; β
e : 2α +m; 2β + n
∣∣∣∣ xx
]
=
m∑
j=0
n∑
k=0
(d)j+k(−m)j(−n)k(2α − 1)j(2β − 1)kx
j+k
(e)j+k(2α+m)j(2β + n)k
(
α− 12
)
j
(
β − 12
)
k
22j+2k j! k!
× S1: 0;21:0;3
[
[d+ j + k : 1, 2] : −; (α+β+j+k)2 ,
(α+β+j+k+1)
2
[e+ j + k : 1, 2] : −;α+ j + 12 , β + k +
1
2 , α+ β + j + k
∣∣∣∣ x1
4x
2
]
(1.1)
F
1: 1;1
1: 1;1
[
d : α; β + n
e : 2α+m; 2β + n
∣∣∣∣ x−x
]
= F (3)
[
d :: − ; − ; − ; − ; α ; β
e :: −;−;−;−; 2α +m; 2β + n
|−x, x, x
]
1
=
m∑
j=0
n∑
k=0
(d)j+k (−m)j (−n)k(2α− 1)j(2β − 1)k x
j+k
(e)j+k(2α+m)j(2β + n)k
(
α− 12
)
j
(
β − 12
)
k
22j+2k j! k!
× 4F5
[
α+β+j+k
2 ,
α+β+j+k+1
2 ,
d+j+k
2 ,
d+j+k+1
2
α+ j + 12 , β + k +
1
2 , α+ β + j + k,
e+j+k
2 ,
e+j+k+1
2
∣∣∣∣14x2
]
(1.2)
F
1: 1;1
0: 1;1
[
d : α ; β
− : 2α+m; 2β + n
∣∣∣∣ xx
]
=
m∑
j=0
n∑
k=0
(d)j+k(−m)j(−n)k(2α− 1)j(2β − 1)kx
j+k
(2α+m)j(2β + n)k
(
α− 12
)
j
(
β − 12
)
k
22j+2k j! k!
× S1: 0;20:0;3
[
[d+ j + k : 1, 2] : −; α+β+j+k2 ;
α+β+j+k+1
2
− : −; α+ j + 12 ;β + k +
1
2 ;α+ β + j + k
∣∣∣∣ x1
4x
2
]
(1.3)
F
1: 1;1
0: 1;1
[
d : α; β + n
− : 2α+m; 2β + n
∣∣∣∣ x−x
]
= F (3)
[
d :: − ; − ; − ; − ; α ; β
− :: −;−;−;−; 2α+m; 2β + n
|−x, x, x
]
=
m∑
j=0
n∑
k=0
(d)j+k (−m)j (−n)k(2α − 1)j(2β − 1)k x
j+k
(2α+m)j(2β + n)k
(
α− 12
)
j
(
β − 12
)
k
22j+2k j! k!
× 4F3
[
α+β+j+k
2 ,
α+β+j+k+1
2 ,
d+j+k
2 ,
d+j+k+1
2
α+ j + 12 , β + k +
1
2 , α+ β + j + k
∣∣∣∣14x2
]
(1.4)
Theorem 2 : For m,n ∈ N0, ℜ(e) > ℜ(d) > 0 and α, β ∈ C, the following results hold true.
F
1: 1;1
1: 1;1
[
d : α ; β
e : 2α −m; 2β − n
∣∣∣∣ xx
]
=
m∑
j=0
n∑
k=0
(d)j+k (−1)
j+k (−m)j(−n)k(2α− 2m− 1)j(2β − 2n− 1)kx
j+k
(e)j+k(2α−m)j(2β − n)k
(
α−m− 12
)
j
(
β − n− 12
)
k
22j+2k j! k!
× S1: 0;21:0;3
[
[d+ j + k : 1, 2] : −; α+β+j+k−m−n2 ;
α+β+j+k−m−n+1
2
[e+ j + k : 1, 2] : −;α+ j −m+ 12 ;β + k − n+
1
2 ;α + β + j + k −m− n
∣∣∣∣ x1
4x
2
]
(1.5)
F
1: 1;1
1: 1;1
[
d : α; β − n
e : 2α−m; 2β − n
∣∣∣∣ x−x
]
= F (3)
[
d :: − ; − ; − ; − ; α ; β
e :: −;−;−;−; 2α −m; 2β − n
|−x, x, x
]
=
m∑
j=0
n∑
k=0
(d)j+k (−1)
j+k (−m)j (−n)k(2α− 2m− 1)j(2β − 2n− 1)k x
j+k
(e)j+k(2α−m)j(2β − n)k
(
α−m− 12
)
j
(
β − n− 12
)
k
22j+2k j! k!
× 4F5
[
α+β+j+k−m−n
2 ,
α+β+j+k−m−n+1
2 ,
d+j+k
2 ,
d+j+k+1
2
α+ j −m+ 12 , β + k − n+
1
2 , α+ β + j + k −m− n,
e+j+k
2 ,
e+j+k+1
2
∣∣∣∣14x2
]
(1.6)
F
1: 1;1
0: 1;1
[
d : α ; β
− : 2α−m; 2β − n
∣∣∣∣ xx
]
2
=
m∑
j=0
n∑
k=0
(d)j+k (−1)
j+k (−m)j(−n)k(2α − 2m− 1)j(2β − 2n− 1)kx
j+k
(2α−m)j(2β − n)k
(
α−m− 12
)
j
(
β − n− 12
)
k
22j+2k j! k!
× S1: 0;20:0;3
[
[d+ j + k : 1, 2] : −; α+β+j+k−m−n2 ;
α+β+j+k−m−n+1
2
− : −;α+ j −m+ 12 ;β + k − n+
1
2 ;α+ β + j + k −m− n
∣∣∣∣ x1
4x
2
]
(1.7)
F
1: 1;1
0: 1;1
[
d : α; β − n
− : 2α−m; 2β − n
∣∣∣∣ x−x
]
= F (3)
[
d :: − ; − ; − ; − ; α ; β
− :: −;−;−;−; 2α−m; 2β − n
|−x, x, x
]
=
m∑
j=0
n∑
k=0
(d)j+k (−1)
j+k (−m)j (−n)k(2α− 2m− 1)j(2β − 2n− 1)k x
j+k
(2α−m)j(2β − n)k
(
α−m− 12
)
j
(
β − n− 12
)
k
22j+2k j! k!
× 4F3
[
α+β+j+k−m−n
2 ,
α+β+j+k−m−n+1
2 ,
d+j+k
2 ,
d+j+k+1
2
α+ j −m+ 12 , β + k − n+
1
2 , α+ β + j + k −m− n
∣∣∣∣14x2
]
(1.8)
Theorem 3 : For m,n ∈ N0, ℜ(e) > ℜ(d) > 0 and α, β ∈ C, the following results hold true.
F
1: 1;1
1: 1;1
[
d : α ; β
e : 2α +m; 2β − n
∣∣∣∣ xx
]
=
m∑
j=0
n∑
k=0
(d)j+k (−1)
k (−m)j(−n)k(2α − 1)j(2β − 2n− 1)kx
j+k
(e)j+k(2α+m)j(2β − n)k
(
α− 12
)
j
(
β − n− 12
)
k
22j+2k j! k!
× S1: 0;21:0;3
[
[d+ j + k : 1, 2] : −; α+β+j+k−n2 ;
α+β+j+k−n+1
2
[e+ j + k : 1, 2] : −;α+ j + 12 ;β + k − n+
1
2 ;α+ β + j + k − n
∣∣∣∣ x1
4x
2
]
(1.9)
F
1: 1;1
1: 1;1
[
d : α; β − n
e : 2α+m; 2β − n
∣∣∣∣ x−x
]
= F (3)
[
d :: − ; − ; − ; − ; α ; β
e :: −;−;−;−; 2α +m; 2β − n
|−x, x, x
]
=
m∑
j=0
n∑
k=0
(d)j+k (−1)
k (−m)j (−n)k(2α − 1)j(2β − 2n− 1)k x
j+k
(e)j+k(2α+m)j(2β − n)k
(
α− 12
)
j
(
β − n− 12
)
k
22j+2k j! k!
× 4F5
[
α+β+j+k−n
2 ,
α+β+j+k−n+1
2 ,
1d+j+k
2 ,
d+j+k+1
2
α+ j + 12 , β + k − n+
1
2 , α+ β + j + k − n,
e+j+k
2 ,
e+j+k+1
2
∣∣∣∣14x2
]
(1.10)
F
1: 1;1
0: 1;1
[
d : α ; β
− : 2α+m; 2β − n
∣∣∣∣ xx
]
=
m∑
j=0
n∑
k=0
(d)j+k (−1)
k (−m)j(−n)k(2α − 1)j(2β − 2n − 1)kx
j+k
(e)j+k (2α+m)j(2β − n)k
(
α− 12
)
j
(
β − n− 12
)
k
22j+2k j! k!
× S1: 0;20:0;3
[
[d+ j + k : 1, 2] : −; α+β+j+k−n2 ;
α+β+j+k−n+1
2
− : −; α+ j + 12 ;β + k − n+
1
2 ;α+ β + j + k − n
∣∣∣∣ x1
4x
2
]
(1.11)
F
1: 1;1
0: 1;1
[
d : α; β − n
− : 2α+m; 2β − n
∣∣∣∣ x−x
]
3
= F (3)
[
d :: − ; − ; − ; − ; α ; β
− :: −;−;−;−; 2α+m; 2β − n
|−x, x, x
]
=
m∑
j=0
n∑
k=0
(d)j+k (−1)
k (−m)j (−n)k(2α − 1)j(2β − 2n − 1)k x
j+k
(2α+m)j(2β − n)k
(
α− 12
)
j
(
β − n− 12
)
k
22j+2k j! k!
× 4F3
[
α+β+j+k−n
2 ,
α+β+j+k−n+1
2 ,
d+j+k
2 ,
d+j+k+1
2
α+ j + 12 , β + k − n+
1
2 , α+ β + j + k − n
∣∣∣∣14x2
]
(1.12)
Proofs : The proofs of the results given in the Theorems 1 , 2 and 3 are same as given in the
paper[3]. However, while deriving the results, we shall make use of the results (2.1), (2.2) and
(2.3) given in the paper [1].
The details are given in [2].
2 Special Cases
1. In theorems 1, 2 and 3, if we set β = α, we get the known results recently obtained in [3].
2. In theorems 1 or 2 or 3, if we set m = n = 0, we get the following interesting results.
F
1: 1;1
1: 1;1
[
d : α ; β
e : 2α; 2β
∣∣∣∣ xx
]
= S1: 0;21:0;3
[
[d : 1, 2] : −; 12 (α+ β),
1
2(α+ β + 1)
[e : 1, 2] : −;α+ 12 , β +
1
2 , α+ β
∣∣∣∣ x1
4x
2
]
(2.1)
F
1: 1;1
1: 1;1
[
d : α; β
e : 2α; 2β
∣∣∣∣ x−x
]
= F (3)
[
d :: − ; − ; − ; − ; α ; β
e :: −;−;−;−; 2α; 2β
|−x, x, x
]
= 4F5
[
1
2(α+ β),
1
2(α+ β + 1),
1
2(d),
1
2(d+ 1)
α+ 12 , β +
1
2 , α+ β,
1
2(e),
1
2 (e+ 1)
∣∣∣∣14x2
]
(2.2)
F
1: 1;1
0: 1;1
[
d : α ; β
− : 2α; 2β
∣∣∣∣ xx
]
= S1: 0;20:0;3
[
[d : 1, 2] : −; 12 (α+ β);
1
2(α+ β + 1)
− : −; α+ 12 ;β +
1
2 ;α+ β
∣∣∣∣ x1
4x
2
]
(2.3)
F
1: 1;1
0: 1;1
[
d : α; β
− : 2α; 2β
∣∣∣∣ x−x
]
= F (3)
[
d :: − ; − ; − ; − ; α ; β
− :: −;−;−;−; 2α; 2β
|−x, x, x
]
= 4F3
[
1
2(α+ β),
1
2(α+ β + 1),
1
2(d),
1
2(d+ 1)
α+ 12 , β +
1
2 , α+ β
∣∣∣∣14x2
]
(2.4)
Similarly other results can be obtained.
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